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Spin raising and lowering operators for massless field equations constructed from twistor spinors
are considered. Solutions of the spin- 3
2
massless Rarita-Schwinger equation from source-free Maxwell
fields and twistor spinors are constructed. It is shown that this construction requires Ricci-flat
backgrounds due to the gauge invariance of the massless Rarita-Schwinger equation. Constraints
to construct spin raising and lowering operators for Rarita-Schwinger fields are found. Symmetry
operators for Rarita-Schwinger fields via twistor spinors are obtained.
I. INTRODUCTION
In four dimensional conformally flat spacetimes, the so-
lutions of the massless field equations for different spins
can be mapped to each other by spin raising and lower-
ing procedures [1]. A spin raising operator is an operator
constructed from a twistor spinor and gives a solution
of the spin-
(
s+ 1
2
)
massless field equation from a so-
lution of the spin-s massless field equation. Similarly,
a spin lowering operator maps a solution of the spin-s
massless field equation to a solution of the spin-
(
s− 1
2
)
massless field equation by using twistor spinors. Twistor
spinors are special spinors defined as the solutions of the
twistor equation on a spin manifold. They appear in
various problems of mathematical physics. Supersym-
metry generators of both superconformal field theories in
curved backgrounds and conformal supergravity theories
correspond to twistor spinors [2–5]. They are also used
in the construction of extended conformal superalgebras
and are related to the conformal hidden symmetries of
a background that are conformal Killing-Yano forms [6–
9]. Twistor spinors contain Killing spinors and parallel
spinors as special cases which are supersymmetry gen-
erators of supersymmetric field theories and supergrav-
ity theories. The classification of manifolds admitting
twistor spinors in Riemannian and Lorentzian signatures
has been investigated in [10, 11]. Especially, they exist
on conformally flat manifolds in maximal number.
Starting with a twistor spinor, the spin raising and
lowering operators can be constructed for massless spin-
0 fields which satisfy the conformally covariant Laplace
equation, massless spin- 1
2
fields which satisfy the massless
Dirac equation and massless spin-1 fields which satisfy
the source-free Maxwell equations [12–14]. However, for
the case of higher spins, the construction is not straight-
forward and some constraints may arise in the proce-
dure. Massless spin- 3
2
fields are solutions of the massless
Rarita-Schwinger equation which determines the motion
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of gravitino particles in supergravity [15, 16]. Rarita-
Schwinger fields appear as sources of torsion and curva-
ture in supergravity field equations. They correspond to
spinor-valued 1-forms that are in the kernel of the Rarita-
Schwinger operator which can be seen as the generaliza-
tion of the Dirac operator to spin- 3
2
fields. Spin raising
and lowering procedures can allow us to find the solu-
tions of the massless Rarita-Schwinger equation by using
spin-1 source-free Maxwell solutions and twistor spinors.
In this paper, we focus on the construction of spin
raising, spin lowering, and symmetry operators for mass-
less Rarita-Schwinger fields. We start by writing Rarita-
Schwinger field equations in a modern geometrical lan-
guage [17–19]. Spin raising and lowering operators be-
tween the massless spin-1 and spin- 3
2
fields are found by
using twistor spinors and the constraints for the construc-
tion of them are obtained. Spin raising operators are
constructed for middle-form Maxwell fields in all even di-
mensions besides dimension four and it is found that the
twistor spinor used in the construction of the spin rais-
ing operator must be in the kernel of the spin-1 Maxwell
field. However, since the gauge invariance of the mass-
less Rarita-Schwinger equation requires Ricci-flat back-
grounds, it is shown that the spin raising operators auto-
matically solve the massless Rarita-Schwinger equation
in those backgrounds. Spin lowering operators are con-
structed for four dimensional fields and a constraint re-
lating the Rarita-Schwinger field with the curvature char-
acteristics of the background is found. We also construct
a symmetry operator for Rarita-Schwinger fields by using
spin raising and lowering operators which map a solution
of the massless Rarita-Schwinger equation to another so-
lution.
The paper is organized as follows. We define the spin
raising and lowering operators for lower spin massless
fields in Sec. 2. In Sec. 3, we construct the spin rais-
ing and lowering operators for massless spin- 3
2
fields. A
symmetry operator of massless Rarita-Schwinger fields is
proposed in Sec. 4. Section 5 concludes the paper. In
an appendix, we give the transformation rules between
the languages of Clifford calculus and gamma matrices
to write the equalities in the paper in an alternative no-
tation.
2II. SPIN CHANGING OPERATORS FOR
MASSLESS FIELD EQUATIONS
We consider massless and source-free field equations in
curved backgrounds written for particles with different
spins. For example, massless spin-0 particles satisfy the
following conformally generalized Laplace equation in n
dimensions
∆ϕ−
(n− 2)
4(n− 1)
Rϕ = 0 (1)
where ϕ is a function, R is the scalar curvature of the
background spacetime and the Laplace-Beltrami opera-
tor ∆ is defined as the square of the Hodge-de Rham
operator 6d, which contains the exterior derivative opera-
tor d and coderivative operator δ as
∆ = 6d2 = (d− δ)2 = −dδ − δd.
The operator given in (1) acting on the scalar field ϕ is
called the conformally invariant Yamabe operator. For
massless spin- 1
2
particles, the field equation corresponds
to the following massless Dirac equation
6Dψ = 0 (2)
where ψ is a spinor field and the Dirac operator 6D is
defined as
6D = ea.∇Xa
for the frame basis {Xa} and coframe basis {e
a} that are
related by the duality property ea(Xb) = δ
a
b . Here δ
a
b is
the Kronecker delta, ∇X is the spinor covariant deriva-
tive with respect to the vector field X and . denotes the
Clifford multiplication. On the other hand, we also con-
sider source-free Maxwell equations for spin-1 particles
which are written in terms of the Hodge-de Rham oper-
ator 6d = d− δ as follows:
6dF = 0 (3)
where F is the Maxwell 2-form field [17].
One can use twistor spinors to obtain solutions of the
massless and source-free field equations written in (1),
(2) and (3) from the solutions of each other. A twistor
spinor u is a solution of the following differential equation
in n dimensions:
∇Xu =
1
n
X˜. 6Du (4)
for any vector field X and its metric dual X˜. By taking
the second covariant derivative of (4), one obtains the
following integrability conditions of the twistor equation
[10, 14]:
∇Xa 6Du =
n
2
Ka.u (5)
6D2u = −
n
4(n− 1)
Ru (6)
Cab.u = 0 (7)
where the 1-form Ka is defined in terms of the Ricci 1-
forms Pa and curvature scalar R as
Ka =
1
n− 2
(
R
2(n− 1)
ea − Pa
)
(8)
and its components correspond to the Schouten tensor.
Cab are conformal 2-forms which are written in terms of
the curvature characteristics and defined for n > 2 as
Cab = Rab −
1
n− 2
(Pa ∧ eb − Pb ∧ ea)
+
1
(n− 1)(n− 2)
Rea ∧ eb (9)
where Rab are curvature 2-forms and ∧ denotes the wedge
product. The components of the 2-form Cab correspond
to the conformal (Weyl) tensor. The second integrability
condition given in (6) is the standard Weitzenbock iden-
tity. One can see from the third integrability condition in
(7) that all conformally flat manifolds can have solutions
of the twistor equation (4).
In four dimensions, a solution ψ of the massless Dirac
equation given in (2) can be constructed from a solution
ϕ of the massless spin-0 particle equation in (1) and a
twistor spinor u that satisfies (4) [12, 14]. The so-called
”spin raising” operator from spin-0 to spin- 1
2
is given as
follows:
ψ = dϕ.u+
1
2
ϕ. 6Du. (10)
It can easily be seen that by using the defining equations
of ϕ and u given by (1) and (4) and the integrability
conditions (5)-(7), one can find the result 6Dψ = 0. A
reverse procedure of obtaining a solution ϕ of massless
spin-0 equation from a solution ψ of the massless Dirac
equation and a twistor spinor u can also be constructed
[13, 14]. To do this, we consider the spin-invariant inner
product ( , ) defined on spinor fields [17]. For any two
spinor fields u and v, it has the property (u, v) = −(v, u)
and for any differential form α, we have
(u, α.v) = (αξ.u, v)
where αξ = (−1)⌊p/2⌋α with ⌊⌋ denoting the floor func-
tion that takes the integer part of its argument. By using
this inner product, the so-called ”spin lowering” operator
from spin- 1
2
to spin-0 is given in the following form:
ϕ = (u, ψ). (11)
One can check by using the defining equations (2) and (4)
and the integrability conditions (5)-(7) that this function
ϕ satisfies the massless spin-0 field equation given in (1).
By combining the spin lowering and spin raising oper-
ations, one can also construct symmetry operators for
massless Dirac fields. A symmetry operator takes a so-
lution of an equation and gives another solution. So, by
considering two twistor spinors u1 and u2 and a solution
ψ of the massless Dirac equation, the following symmetry
3operator for massless Dirac fields can be written from the
spin lowering and spin raising operations
Lu1u2ψ = d(u1, ψ).u2 +
1
2
(u1, ψ). 6Du2. (12)
Since the antisymmetric generalizations of conformal
Killing vector fields that are called conformal Killing-
Yano forms can be constructed from two twistor spinors
[9], it can be shown that the symmetry operator (12)
is equivalent to the symmetry operators of massless
Dirac equation written in terms of conformal Killing-
Yano forms [12, 20].
Spin raising and spin lowering operators can also be de-
fined for obtaining solutions of spin-1 source-free Maxwell
equations from the solutions of the massless Dirac equa-
tion and vice versa. To do this, we consider the dual
spinor u of a spinor u. The dual spinor u is defined by
the action of it on a spinor v in terms of the spinor inner
product as follows:
u(v) = (u, v).
We can consider tensor products of spinors and dual
spinors which correspond to the linear transformations
on spinors
(u⊗ v)w = u(v, w)
and
(u⊗ v)w = (w, u)v
for any spinor w [13]. Since the inner products (v, w)
and (w, v) give scalar quantities and u and v are a spinor
and a dual spinor, respectively, the quantities u(v, w) and
(w, u)v correspond to a spinor and a dual spinor respec-
tively. This means that tensor products of spinors and
dual spinors are elements of the Clifford algebra and they
can be Clifford multiplied by inhomogeneous differential
forms. For any differential form α, we have the follow-
ing relations for the tensor product of spinors and dual
spinors:
α.(u ⊗ v) = α.u ⊗ v
(u⊗ v).α = u⊗ αξ.v
(u⊗ v)ξ = −v ⊗ u.
So, from a solution ψ of the massless Dirac equation and
a twistor spinor u, one can write the following spin raising
operator from spin- 1
2
to spin-1 as follows [12, 13]:
F = ea.u⊗∇Xaψ +
1
2
6Du⊗ ψ + ψ ⊗ 6Du. (13)
It can be seen that from the properties of the tensor
product given above, the differential form F in (13) is a 2-
form in four dimensions and from the defining equations
of (2) and (4) and the integrability conditions (5)-(7),
it satisfies the source-free Maxwell equation (3) [12, 13].
Similarly, we can also construct a spin lowering operator
from a solution F of the source-free Maxwell equations
and a twistor spinor u to obtain a solution of the massless
Dirac equation. The spin lowering operator from spin-1
to spin- 1
2
is given as
ψ = F.u (14)
It can be checked that ψ in (14) is a harmonic spinor,
namely, a solution of the massless Dirac equation. From
the spin lowering and spin raising operations between
the solutions of spin-1 and spin- 1
2
field equations, the
symmetry operators of source-free Maxwell equations can
be constructed in the following form:
Lu1u2F = e
a.u2⊗∇Xa(F.u1)+
1
2
6Du2⊗F.u1+F.u1⊗6Du2
(15)
where u1 and u2 are two twistor spinors and F is a source-
free Maxwell solution.
III. SPIN RAISING AND SPIN LOWERING
FOR RARITA-SCHWINGER FIELDS
In this section, we construct spin raising and spin low-
ering operators for spin- 3
2
fields that satisfy the massless
Rarita-Schwinger field equations. These operators will
be used to make connections between the solutions of the
source-free Maxwell equations and the massless Rarita-
Schwinger equations via twistor spinors in all even di-
mensions besides the special case of dimension four.
Let us first consider spinor-valued p-forms which are
constructed out of tensor products of spinor fields and
differential p-forms and describe spin-
(
p+ 1
2
)
particles.
For a spinor with indices ψI and a p-form e
I , the spinor-
valued p-form is defined by
Ψp = ψI ⊗ e
I
where I is a multi-index. Note that, the tensor prod-
uct of spinor fields and p-forms defined above is different
from the tensor product of spinors and dual spinors de-
fined in Sec. 2 although we denote them with the same
symbol. In a similar way, we can also define a Clifford
form-valued p-form Np = nA ⊗ e
A as a tensor product
of a differential form nA on the Clifford bundle and a
differential p-form eA on the exterior bundle. The action
of a Clifford form-valued p-form Np to the spinor-valued
q-form Ψq is defined by
Np.Ψq = nA.ψI ⊗ e
A ∧ eI (16)
in terms of Clifford and wedge products, the result of
which is a spinor-valued (p+ q)-form. As a special case,
we consider spinor-valued 1-forms representing spin- 3
2
particles. In that case, we have a spinor field ψa and
the coframe basis ea of 1-forms to construct the spin- 3
2
quantity
Ψ = ψa ⊗ e
a.
4The action of a Clifford form α on Ψ is defined by
α.Ψ = α.ψa ⊗ e
a. (17)
Moreover, the inner product of a spinor-valued 1-form Ψ
and a spinor u in terms of the spinor inner product ( , )
is given as follows
(u,Ψ) = (u, ψa)e
a (18)
which takes a spinor and a spinor-valued 1-form and gives
a 1-form.
The Levi-Civita connection defined on differential
forms and spinor fields can also be induced on spinor-
valued 1-forms with the following property:
∇XΨ = ∇Xψa ⊗ e
a + ψa ⊗∇Xe
a (19)
for any vector field X . In a similar way to the definition
of the Dirac operator on spinor fields, we can also define
a Rarita-Schwinger operator
6D = ea.∇Xa (20)
which acts on spinor-valued 1-forms. From the definitions
given above, the massless Rarita-Schwinger field equa-
tions of spin- 3
2
fields in supergravity can be written for a
spin- 3
2
field Ψ = ψa ⊗ e
a as follows
6DΨ = 0 (21)
ea.ψa = 0. (22)
Equation (21) can be seen as a generalization of the mass-
less Dirac equation to spin- 3
2
fields and Eq.(22) is the
tracelessness condition. Moreover, these equations im-
ply a Lorentz-type condition ∇Xaψa = 0. This can be
seen as follows. By taking the covariant derivative of the
Rarita-Schwinger field Ψ = ψa ⊗ e
a
∇XbΨ = ∇Xbψa ⊗ e
a + ψa ⊗∇Xbe
a.
We will use ∇Xbe
a = 0 for normal coordinates in the
following calculations. By Clifford multiplying with eb
from the left and using (21), we find
6Dψa ⊗ e
a = 0.
Then, we have 6Dψa = 0 for every a. Again, by Clifford
multiplying with ea from the left and using the Clifford
algebra identity ea.eb + eb.ea = 2gab for the components
of the (dual) metric gab, we obtain
ea.eb.∇Xbψa = 2∇Xaψa − e
b.ea.∇Xbψa
= 2∇Xaψa − e
b.∇Xb(e
a.ψa) = 0
where we have used∇Xbe
a = 0 in normal coordinates and
from (22) we obtain the following Lorentz-type condition
∇Xaψa = 0. (23)
A. Spin raising
Let us consider a twistor spinor u which satisfies Eq.
(4) and a middle-form Maxwell field F which satisfies Eq.
(3). For even dimensions n = 2p, the p-form Maxwell
field F is the generalization of the 2-form Maxwell field
in four dimensions to all even dimensions. We propose
the following spinor-valued 1-form that is the spin- 3
2
field
as the spin raising operator from the spin-1 Maxwell field
F to the spin- 3
2
Rarita-Schwinger field Ψ = ψa ⊗ e
a via
the twistor spinor u
Ψ =
(
∇XaF.u−
1
n
F.ea. 6Du
)
⊗ ea. (24)
Here it is clear that ψa =
(
∇XaF.u −
1
nF.ea. 6Du
)
. Now,
we have to prove that the spin- 3
2
field defined in (24)
satisfies both of the Rarita-Schwinger field equations in
(21) and (22).
Using this ψa in (22) we obtain
ea.ψa = e
a.∇XaF.u−
1
n
ea.F.ea. 6Du.
For a p-form α, we have the relation ea.α.ea = (−1)
p(n−
2p)α. From this identity and the definition of the Hodge-
de Rham operator 6d acting on any differential form α as
6dα = ea.∇Xaα, we find
ea.ψa = 6dF.u − (−1)
pn− 2p
n
F. 6Du. (25)
Since F satisfies 6dF = 0 and we have n = 2p, one con-
cludes
ea.ψa = 0.
As a consequence, Ψ defined in (24) satisfies the trace-
lessness condition of a Rarita-Schwinger field.
To see if Eq.(21) is satisfied by Ψ in (24), we apply the
Rarita-Schwinger operator defined in (20) to Ψ
6DΨ = eb.∇Xb
[(
∇XaF.u−
1
n
F.ea. 6Du
)
⊗ ea
]
= eb.
(
∇Xb∇XaF.u +∇XaF.∇Xbu (26)
−
1
n
∇XbF.ea. 6Du−
1
n
F.ea.∇Xb 6Du
)
⊗ ea
where we have used (19) and ∇Xbe
a = 0 in normal coor-
dinates. From the property (17) and the definition of 6d,
we obtain
6DΨ =
(
6d∇XaF.u + e
b.∇XaF.∇Xbu−
1
n
6dF.ea. 6Du
−
1
n
eb.F.ea.∇Xb 6Du
)
⊗ ea. (27)
5We know that F satisfies (3) and u is a twistor spinor
which satisfies (4) and (5). Then, we have
6DΨ =
(
6d∇XaF.u +
1
n
eb.∇XaF.eb. 6Du
−
1
2
eb.F.ea.Kb.u
)
⊗ ea
=
(
6d∇XaF.u −
1
2
eb.F.ea.Kb.u
)
⊗ ea (28)
where we have used eb.∇XaF.eb = (−1)
p(n−2p)∇XaF =
0 since ∇XaF is a
n
2
-form. By direct computation, one
can see that the action of the commutator of the Hodge-
de Rham operator and the covariant derivative on a dif-
ferential p-form α can be written in terms of the curva-
ture operator as
[ 6d,∇Xa ]α = −e
b.R(Xa, Xb)α. (29)
By using this identity, (28) transforms into the following
form
6DΨ =
(
− eb.R(Xa, Xb)F.u +∇Xa 6dF.u
−
1
2
eb.F.ea.Kb.u
)
⊗ ea (30)
=
(
−eb.R(Xa, Xb)F.u −
1
2
eb.F.ea.Kb.u
)
⊗ ea
=
[
−eb.
(
R(Xa, Xb)F +
1
2
F.ea.Kb
)
.u
]
⊗ ea
where we have used (3) in the second line.
The action of the curvature operator on a generally in-
homogeneous differential form α which is a section of the
Clifford bundle can be written in terms of the curvature
2-forms and Clifford bracket as [17]
R(Xa, Xb)α =
1
2
[Rab, α]Cl (31)
where [ , ]Cl is defined as [Rab, α]Cl = Rab.α − α.Rab.
Moreover, from the definition of conformal 2-forms Cab
in (9), we can write the curvature 2-forms as follows:
Rab = Cab +
1
n− 2
(Pa ∧ eb − Pb ∧ ea)
−
1
(n− 1)(n− 2)
Rea ∧ eb
= Cab +Kb ∧ ea −Ka ∧ eb
= Cab + eb.Ka − ea.Kb (32)
where we have used the definition of Ka in (8) and the
expansion of the Clifford product in terms of the wedge
product and contraction iX with respect to a vector field
X as ea.Kb = ea∧Kb+iXaKb with the property iXaKb =
iXbKa for zero torsion. So, by substituting (31) and (32)
in (30), we find
6DΨ =
(
−
1
2
eb.[Rab, F ]Cl.u−
1
2
eb.F.ea.Kb.u
)
⊗ ea
=
(
−
1
2
eb.Rab.F.u +
1
2
eb.F.Rab.u
−
1
2
eb.F.ea.Kb.u
)
⊗ ea
=
(
1
2
Pa.F.u +
1
2
eb.F.Cab.u+
1
2
eb.F.eb.Ka.u
−eb.F.ea.Kb.u
)
⊗ ea
=
(
1
2
Pa.F.u − e
b.F.ea.Kb.u
)
⊗ ea (33)
where we have used the identity eb.Rab = −Pa for zero
torsion, eb.F.eb = 0 and the integrability condition (7).
Then, for Ψ to satisfy (21), we obtain the condition
Pa.F.u = 2e
b.F.ea.Kb.u (34)
or from the definition (8) of Ka, it can also be written as
Pa.F.u =
2R
(n− 1)(n− 2)
ea.F.u−
2
n− 2
eb.F.ea.Pb.u.
(35)
By Clifford multiplying (35) with ea from the left and
using the identities ea.Pa = R, e
a.ea = n, e
a.eb =
−eb.ea + 2gab and the property ea.F.ea = 0, one obtains
the following equality:(
n(n− 1)− 2
(n− 1)(n− 2)
)
RF.u = 0. (36)
So, the condition (35) for Ψ to be a massless Rarita-
Schwinger field transforms into the following condition
F.u = 0. (37)
This resembles a condition on Killing-Yano forms that
can be used in the construction of symmetry operators
of a massive Dirac equation with an electromagnetic min-
imal coupling term [21]. Those symmetry operators are
constructed from the Killing-Yano forms ω that satisfy
the condition
[F, ω]Cl = 0
where [ , ]Cl is the Clifford bracket. Since a Killing spinor
u, which is a special twistor spinor that satisfies the mas-
sive Dirac equation at the same time, can be used in the
construction of the Killing-Yano form ω as ω = u⊗u [9],
the above condition on ω reduces to the condition on u
written in (37).
On the other hand, the gauge invariance of the mass-
less Rarita-Schwinger equation in a curved background
requires the background to be Ricci flat, that is Pa = 0.
6This can be seen as follows. The Rarita-Schwinger equa-
tion given in (21) and (22) can be written in a more
compact form. Let us consider a Clifford-valued 1-form
e = ea⊗ea and define the action of the covariant exterior
derivative D on Ψ = ψa ⊗ e
a as
DΨ = ea ∧ ∇Xa(ψb ⊗ e
b)
= ∇Xaψb ⊗ e
ab
where we have used ∇Xae
b = 0 in normal coordinates
and eab = ea∧ eb. The action of the Hodge star ∗ on DΨ
is given by ∗DΨ = ∇Xaψb ⊗ ∗e
ab. From the action of
Clifford-valued forms on spinor-valued forms defined in
(16), we can write
e. ∗DΨ = ec.∇Xaψb ⊗ ec ∧ ∗e
ab
= (ea.∇Xbψa − 6Dψb)⊗ ∗e
b
= ∇Xb(e
a.ψa)⊗ ∗e
b − 6Dψb ⊗ ∗e
b
= ∇Xb(e
a.ψa)⊗ ∗e
b − ∗6DΨ
where we have used the identity ec∧∗eab = gca∗eb−gcb∗ea
in the second line and the action of the Hodge star in the
last line. So, from (21) and (22), the Rarita-Schwinger
equation is equivalent to
e. ∗DΨ = 0.
This equation has to be gauge invariant under the trans-
formation Ψ→ Ψ+Dφ for a spinor φ. We can write the
spinor φ as φ = φ⊗ 1 and
Dφ = ea ∧ ∇Xa(φ⊗ 1)
= ∇Xaφ⊗ e
a.
By applying D once more, we have
D2φ = eb ∧ ∇Xb(∇Xaφ⊗ e
a)
= ∇Xb∇Xaφ⊗ e
ba
=
1
2
(∇Xb∇Xa −∇Xa∇Xb)φ ⊗ e
ba
=
1
2
R(Xb, Xa)φ⊗ e
ba
where we have used the antisymmetry of the indices in
the third line and the definition of the curvature operator
in the fourth line. Then, if we choose Ψ as a pure gauge
term Ψ = Dφ, we obtain
e. ∗D2φ =
1
2
ec.R(Xb, Xa)φ⊗ e
c ∧ ∗eba
= −eb.R(Xb, Xa)φ⊗ ∗e
a
= −
1
2
eb.Rba.φ⊗ ∗e
a
= −
1
2
Pa.φ⊗ ∗e
a
where we have used the identity ec∧∗eab = gca∗eb−gcb∗ea
in the second line, R(Xb, Xa)φ =
1
2
Rba.φ in the third line
and eb.Rba = Pa in the last line. The gauge invariance
implies the vanishing of the pure gauge term, namely
e. ∗ D2φ = 0. So, to obtain a gauge invariant mass-
less Rarita-Schwinger equation we must have a Ricci-flat
background, Pa = 0. In that case, the right-hand side
of (33) automatically vanishes and we obtain a Rarita-
Schwinger field Ψ from a source-free Maxwell field F and
a twistor spinor u as constructed in (24).
B. Spin lowering
By using a twistor spinor u, we can also construct a
spin lowering procedure to obtain a spin-1 Maxwell field
F from a spin- 3
2
Rarita-Schwinger field Ψ = ψa ⊗ e
a in
four dimensions. From the inner product definition (18)
for spinor-valued 1-forms, let us consider the following
1-form A constructed out of a twistor spinor u and a
Rarita-Schwinger field Ψ = ψa ⊗ e
a satisfying (21) and
(22):
A = (u,Ψ) = (u, ψa)e
a. (38)
We consider the 1-form A as the potential 1-form of the
2-form Maxwell field F = dA. So, we have
F = d(u,Ψ)
= eb ∧∇Xb [(u, ψa)e
a]
= [(∇Xbu, ψa) + (u,∇Xbψa)] e
b ∧ ea
=
[
1
n
(eb. 6Du,ψa) + (u,∇Xbψa)
]
eb ∧ ea (39)
where we have used normal coordinates, the definition
d = eb∧∇Xb and the twistor equation (4). By definition,
F is an exact form and it automatically satisfies dF = 0.
So the action of Hodge-de Rham operator 6d = d − δ on
F gives
6dF = dF − δF
= iXc∇XcF
from the definition δ = −iXc∇Xc . By taking the covari-
ant derivative of F , we find from (39)
∇XcF =
[
1
n
∇Xc(eb. 6Du,ψa) +∇Xc(u,∇Xbψa)
]
eb ∧ ea
=
[
1
2n
∇Xc(6Du, eb.ψa − ea.ψb)
+
1
2
∇Xc(u,∇Xbψa −∇Xaψb)
]
eb ∧ ea (40)
where we have used the identity (eb. 6Du,ψa) =
(6Du, eb.ψa) and antisymmetrized the corresponding in-
dices. So, we have
∇XcF =
[
1
2n
(∇Xc 6Du, eb.ψa − ea.ψb)
7+
1
2n
(6Du, eb.∇Xcψa − ea.∇Xcψb)
+
1
2
(∇Xcu,∇Xbψa −∇Xaψb) (41)
+
1
2
(u,∇Xc∇Xbψa −∇Xc∇Xaψb)
]
eb ∧ ea.
From the identity iXc(e
b ∧ ea) = gcbea− gcaeb, we obtain
the action of 6d on F as
6dF = iXc∇XcF
=
[
1
2n
(∇Xc 6Du, e
c.ψa − ea.ψ
c)
+
1
2n
(6Du, ec.∇Xcψa − ea.∇Xcψ
c)
+
1
2
(∇Xcu,∇Xcψa −∇Xaψ
c)
+
1
2
(u,∇Xc∇Xcψa −∇Xc∇Xaψ
c)
−
1
2n
(∇Xc 6Du, ea.ψ
c − ec.ψa)
−
1
2n
(6Du, ea.∇Xcψ
c − ec.∇Xcψa)
−
1
2
(∇Xcu,∇Xaψ
c −∇Xcψa)
−
1
2
(u,∇Xc∇Xaψ
c −∇Xc∇Xcψa)
]
ea. (42)
Since Ψ is a Rarita-Schwinger field, we have ec.∇Xcψa =
6Dψa = 0 and ∇Xaψ
a = 0. From the twistor equation
(4), we can write
(∇Xcu,∇Xcψa −∇Xaψ
c) =
1
n
(ec. 6Du,∇Xcψa −∇Xaψ
c)
=
1
n
(6Du, 6Dψa − ec.∇Xaψ
c)
= 0
where we have used ec.∇Xaψ
c = ∇Xa(ec.ψ
c) = 0 from
ec.ψ
c = 0. Then, (42) transforms into
6dF =
[
1
n
(∇Xc 6Du, e
c.ψa)−
1
n
(∇Xc 6Du, ea.ψ
c)
+(u,∇Xc∇Xcψa)− (u,∇Xc∇Xaψ
c)
]
ea. (43)
By defining the spinor Laplacian ∇2 = ∇Xc∇Xc and
using the Schro¨dinger-Lichnerowicz-Weitzenbo¨ck formula
for spinor fields which is
6D2 = ∇2 −
1
4
R (44)
and the integrability condition (5) of twistor spinors with
6Dψa = 0, we obtain
6dF =
[
1
2
(Kc.u, e
c.ψa)−
1
2
(Kc.u, ea.ψ
c)
+
R
4
(u, ψa)− (u,∇Xc∇Xaψ
c)
]
ea
=
[
1
2
(ec.Kc.u, ψa)−
1
2
(ea.Kc.u, ψ
c)
+
R
4
(u, ψa)− (u,∇Xc∇Xaψ
c)
]
ea. (45)
We can use the equality (ea.Kc.u, ψ
c) = (u,Kc.ea.ψ
c)
and calculate the term ec.Kc as
ec.Kc =
1
n− 2
(
R
2(n− 1)
ec.ec − e
c.Pc
)
= −
R
2(n− 1)
where we have used ec.ec = n and e
c.Pc = R. Finally,
the quantity 6dF is found as follows:
6dF =
[
(u,
n− 3
4(n− 1)
Rψa −
1
2
Kc.ea.ψ
c −∇Xc∇Xaψ
c)
]
ea.
(46)
This means that, to obtain a Maxwell field defined as in
(39), ψa of the Rarita-Schwinger field has to satisfy the
following condition:
∇Xc∇Xaψ
c = −
1
2
Kc.ea.ψ
c +
n− 3
4(n− 1)
Rψa. (47)
On the other hand, from the definition of the curva-
ture operator, we have ∇Xc∇Xaψ
c = ∇Xa∇Xcψ
c +
R(Xc, Xa)ψ
c. By using the action of the curvature op-
erator on a spinor as R(Xc, Xa)ψ
c = 1
2
Rca.ψ
c and the
property (23), one can write the condition as follows:
(Rba +Kb.ea).ψ
b =
n− 3
2(n− 1)
Rψa (48)
which is automatically satisfied in a flat background. The
constant coefficient on the right-hand side turns out to
be 1
6
in four dimensions.
IV. SYMMETRY OPERATORS
Construction of spin raising and spin lowering oper-
ators gives way to write down symmetry operators for
massless Rarita-Schwinger fields. A symmetry operator
is an operator that acts on a solution of an equation and
gives another solution of it. By starting with a Rarita-
Schwinger field Ψ and applying spin lowering and spin
raising operators one after the other, one can find an-
other Rarita-Schwinger field Ψ′ via a twistor spinor u.
So, one can construct the symmetry operators of mass-
less Rarita-Schwinger fields in terms of twistor spinors.
However, this construction subjects to some constraints
which arise in the procedures of spin raising and lowering.
8Let us consider a massless Rarita-Schwinger field Ψ =
ψa ⊗ e
a in four dimensions which satisfies (21) and (22)
with an extra condition
(Rba +Kb.ea).ψ
b =
1
6
Rψa. (49)
By using a twistor spinor u that satisfies (4) with an extra
condition
d [(u, ψa)e
a] .u = 0, (50)
we can construct the symmetry operators in the following
way. Since Ψ satisfies (49), we have a well-defined spin
lowering procedure from spin- 3
2
to spin-1 as in Sec. 3.B
and can construct a source-free Maxwell field as follows:
F = d [(u, ψa)e
a]
=
[
1
n
(ea. 6Du,ψb) + (u,∇Xaψb)
]
ea ∧ eb. (51)
We can use this source-free Maxwell field for spin raising
to another spin- 3
2
massless Rarita-Schwinger field. So,
we can write the new spin- 3
2
field from F in (51) by the
procedure in Sec. 3.A as
Ψ′ =
(
∇XaF.u−
1
n
F.ea. 6Du
)
⊗ ea
=
[{
1
n
∇Xa(eb. 6Du,ψc) +∇Xa(u,∇Xbψc)
}
(eb ∧ ec).u
]
⊗ ea
−
[
1
n
{
1
n
(eb. 6Du,ψc) + (u,∇Xbψc)
}
(eb ∧ ec).ea. 6Du
]
⊗ ea (52)
and by using the twistor equation (4) and the integrabil-
ity condition (5), we obtain
Ψ′ =
[{(
u,∇Xa∇Xbψc +
1
2
Ka.eb.ψc
)
+
1
n
( 6Du, ea.∇Xbψc + eb.∇Xaψc)
}
(eb ∧ ec).u
]
⊗ ea
−
1
n
[{
(u,∇Xbψc) +
1
n
(6Du, eb.ψc)
}
(eb ∧ ec).ea. 6Du
]
⊗ ea. (53)
Since u satisfies (50), Ψ′ is a massless Rarita-Schwinger
field. So, we construct a symmetry operator between
massless Rarita-Schwinger fields Ψ→ LuΨ = Ψ
′ subject
to some extra constraints. The symmetry operator Lu
constructed from a twistor spinor u can be deduced from
(53). It can also be deduced from (53) that the eigen-
tensor spinors of the operator Lu which are satisfying
the condition LuΨ = kΨ for a constant k and a Rarita-
Schwinger field Ψ = ψa ⊗ e
a correspond to the solutions
of the following equality:[{(
u,∇Xa∇Xbψc +
1
2
Ka.eb.ψc
)
+
1
n
(6Du, ea.∇Xbψc + eb.∇Xaψc)
}
(eb ∧ ec).u
]
⊗ ea
−
1
n
[{
(u,∇Xbψc) +
1
n
(6Du, eb.ψc)
}
(eb ∧ ec).ea. 6Du
]
= kψa (54)
which is not a trivial equation to solve.
V. CONCLUSION
We construct a solution generating technique for mass-
less spin- 3
2
Rarita-Schwinger fields by using source-free
Maxwell fields and twistor spinors. A spin raising op-
erator that maps a solution of the source-free Maxwell
equations to a solution of the massless Rarita-Schwinger
equation in terms of a twistor spinor is found for all even
dimensional Ricci-flat backgrounds which is the require-
ment for the gauge invariance of the massless Rarita-
Schwinger equation. A spin lowering operator that maps
a solution of the massless Rarita-Schwinger equation to
the solution of the source-free Maxwell field is also ob-
tained in four dimensions with an extra constraint de-
pending on the curvature characteristics of the back-
ground. From these spin raising and lowering procedures,
a symmetry operator between massless Rarita-Schwinger
fields is also constructed.
One can also investigate the construction of spin rais-
ing and lowering operators for spin- 3
2
fields in more gen-
eral spacetimes. For example, one can search the possi-
bilities to construct spin changing operators via gauged
twistor spinors which are generalizations of twistor
spinors to Spinc spinors and can exist on more general
backgrounds. This can extend the solution generating
concept discussed in this paper to general cases. More-
over, the construction of spin raising and lowering opera-
tors for spin-2 and higher spin fields may also be investi-
gated by similar procedures. Because of the consistency
problems in the interactions of massless higher spin fields
with nontrivial gravitational backgrounds, some restric-
tions may appear in the construction of spin raising and
lowering operators for higher spin fields. These restric-
tions may reduce the backgrounds to the constant cur-
vature spacetimes such as anti-de Sitter and flat back-
grounds.
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Appendix A
Clifford algebra and spinor identities in physics litera-
ture are extensively written in terms of gamma matrices
and abstract indices. Since the Clifford and exterior cal-
culus notations are used in the papers that include pre-
vious calculations about the topic of the paper, we prefer
to use this notation in our paper to have a direct con-
nection with the previous results. The calculations are
easier in this notation which is also more economic and
elegant. However, it can easily be transformed into the
language of gamma matrices and abstract indices. In this
appendix, we give a summary of transformation rules be-
tween two notations and give the basic formulas in the
paper in terms of gamma matrices.
In a flat Lorentzian spacetime, the gamma matrices
satisfy the following Clifford algebra identity
γµγν + γνγµ = 2ηµν (A1)
where ηµν is the flat Lorentzian metric and µ, ν are flat
space indices. In a curved spacetime, the coframe basis
1-forms ea can be written in terms of coordinate com-
ponents as ea = eaµdx
µ where eaµ are called tetrad com-
ponents and eµa are the inverse tetrad. However, for the
Clifford bundle, ea corresponds to the basis of the Clifford
algebra and can be written in terms of gamma matrices
as ea = eaµγ
µ. The curved space gamma matrices are
defined in terms of tetrad components as follows:
γa = eaµγ
µ
and they satisfy the following Clifford algebra identity:
γaγb + γbγa = 2gab (A2)
where gab is the inverse metric and a, b are curved space
indices. So, the Clifford algebra basis ea and the curved
space gamma matrices γa are identical to each other.
The Dirac operator defined in (2) can be written in
terms of gamma matrices as
6D = ea.∇Xa = e
a
µγ
µ∇a = γ
a∇a
where we have used ∇Xa = ∇a in terms of abstract in-
dices and omit the Clifford product notation. In this way,
the twistor equation in (4) corresponds to
∇au =
1
n
γa 6Du. (A3)
A p-form α as an element of the Clifford bundle can be
written in terms of the Clifford algebra basis as follows:
α =
1
p!
αa1a2...apγ
a1a2...ap
where γa1a2...ap corresponds to the antisymmetric com-
bination of γa1γa2 ...γap . For example, we have γab =
1
2
(γaγb− γbγa). So, the action of a p-form α on a spinor
ψ via the Clifford product . is given in the following form:
α.ψ =
1
p!
αa1a2...apγ
a1a2...apψ. (A4)
Then, the integrability conditions of the twistor equation
given in (5) and (7) are written as
∇a 6Du =
n
2
Kabγ
bu (A5)
Cabcdγ
cdu = 0 (A6)
while (6) remains unchanged. Here Kab are the compo-
nents of the Schouten tensor and Cabcd are the compo-
nents of the conformal (Weyl) tensor.
For any two spinor fields u and v and a p-form α, the
spinor inner product ( , ) has the following property given
in the equation above (11):
(u, αa1a2...apγ
a1a2...apv) =
(−1)⌊p/2⌋(αa1a2...apγ
a1a2...apu, v).
So, for a massless spin-0 field φ, we can obtain a massless
spin- 1
2
field via the spin raising operator given in (10)
ψ = (∂aφ)γ
au+
1
2
φ6Du (A7)
and from a massless spin- 1
2
field ψ, we can obtain a mass-
less spin-0 field via the spin lowering φ = (u, ψ). The
symmetry operators given in (12) are
Lu1u2ψ = ∂a(u1, ψ)γ
au2 +
1
2
(u1, ψ)6Du2. (A8)
For the case of spin raising and lowering operators be-
tween massless spin- 1
2
and spin-1 fields, we can write (13)
and (14) as
F = γau⊗∇aψ +
1
2
6Du⊗ ψ + ψ ⊗ 6Du (A9)
ψ =
1
p!
Fa1a2...apγ
a1a2...apu (A10)
and the symmetry operators in (15) corresponds to
Lu1u2F =
1
p!
γau2 ⊗∇a(Fa1a2...apγ
a1a2...apu1)
+
1
2p!
6Du2 ⊗ Fa1a2...apγ
a1a2...apu1
+
1
p!
Fa1a2...apγ
a1a2...apu1 ⊗ 6Du2.
(A11)
A spin- 3
2
field Ψ = ψa ⊗ γ
a is a massless Rarita-
Schwinger field, if it satisfies the following equations:
6DΨ = 0 (A12)
γaψa = 0 (A13)
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where 6D = γa∇a is the Rarita-Schwinger operator de-
fined in (20). The Lorentz-type condition (23) corre-
sponds to ∇aψa = 0. The spin raising operator from a
spin-1 Maxwell field F to obtain a massless spin- 3
2
Rarita-
Schwinger field via a twistor spinor u given in (24) is
written as
Ψ =
(
1
p!
∇aFa1a2...apγ
a1a2...apu (A14)
−
1
np!
Fa1a2...apγ
a1a2...apγa 6Du
)
⊗ γa.
The condition (37) on the twistor spinor u corresponds
to
Fa1a2...apγ
a1a2...apu = 0. (A15)
The manipulations between (24) and (37) can be done
in terms of gamma matrices in a similar manner to the
calculations done in Sec. 3.A. For the spin lowering from
spin- 3
2
to spin-1, we have A = (u,Ψ) given in (38) and
the condition to obtain the Maxwell solution in (48) cor-
responds to(
1
2
Rbacdγ
cd +Kbcγ
cγa
)
ψb =
n− 3
2(n− 1)
Rψa (A16)
where Rbacd are the components of the Riemann tensor.
The transformation rule between two massless Rarita-
Schwinger fields given in (53) can be written as follows:
Ψ′ =
[{
(u,∇a∇bψc +
1
2
Kadγ
dγbψc)
+
1
n
(6Du, γa∇bψc + γb∇aψc + γb∇aψc)
}
γbcu
]
−
1
n
[{
(u,∇bψc) +
1
n
(6Du, γbψc)
}
γbcγa 6Du
]
⊗ γa.
(A17)
With the conventions defined in this appendix, all the
derivations in the paper can be done by using gamma
matrices in an equivalent manner to the Clifford and ex-
terior calculus methods used in the paper.
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